Let C and A be two unital separable amenable simple C * -algebras with tracial rank no more than one. Suppose that C satisfies the Universal Coefficient Theorem and suppose that ϕ 1 , ϕ 2 : C → A are two unital monomorphisms. We show that there is a continuous path of unitaries
Introduction
C * -algebras are often viewed as non-commutative topological spaces. Indeed, by a classical theorem of Gelfand, all unital commutative C * -algebras are isomorphic to C(X), the algebra of all continuous functions on some compact Hausdorff space X. We are interested in the noncommutative cases, in particular, in the extremal end of non-commutative cases, namely, unital simple C * -algebras. As in the commutative case, one studies continuous maps from one space to another, here we are interested in the homomorphisms from one unital simple C * -algebra to another unital simple C * -algebra. In this paper, we study the problem when two unital homomorphisms from one unital simple C * -algebra to another are asymptotically unitarily equivalent. To be more precise, let C and A be two unital separable simple C * -algebras and let ϕ 1 , ϕ 2 : C → A be two unital homomorphisms. We consider the question when there exists a continuous path of unitaries {u(t) : t ∈ [0, 1)} such that lim t→1 u(t) * ϕ 1 (c)u(t) = ϕ 2 (c) for all c ∈ C.
(e 1.1)
In this paper, we assume that both A and C have tracial rank no more than one (see 2.8 below). We prove the following: Suppose that C also satisfies the Universal Coefficient Theorem. Then (e 1.1) holds if and only if [ϕ 1 ] = [ϕ 2 ] in KK(C, A), ϕ and Scandalis determinants play important roles to match maps γ and α.
However, more are required this time for existence theorem. We show that, for any λ ∈ Hom(K 1 (C), ρ A (K 0 (A)))), there is a unital homomorphism ψ : ϕ(C) → A for which there is a sequence of unitaries {u n } ⊂ A such that ψ(a) = lim n→∞ ad u n (a) for all a ∈ ϕ(C) and the rotation related map R ψ•ϕ,ϕ is induced by λ.
Let A be the class of all unital separable simple amenable C * -algebras A which satisfy the UCT such that A ⊗ M p have tracial rank one or zero for any supernatural number p. Using the above mentioned the strategy as well as the so-called uniqueness and existence theorem, we show that two C * -algebras A and B in A which are Z-stable are isomorphic if and only if their Elliott invariant are the same. This considerably enlarges the class of unital simple C * -algebras that can be classified by their Elliott invariant. Class A contains all unital simple AH-algebras. It also contains all unital simple separable amenable C * -algebras with tracial rank one or zero which satisfy the UCT and all unital simple separable C * -algebras which are inductive limits of type I C * -algebras with the unique tracial states. In particular, it contains the Jiang-Su algebra Z. Moreover, it contains those unital simple ASH-algebras A for which T (A) = S [1] (K 0 (A)) (the latter is the state space of K 0 (A)). It is closed under inductive limits and tensor products.
As a consequence, it shows that any two unital simple AH-algebras are Z-stably isomorphic if and only if they have the same Elliott invariant. In a subsequent paper ( [40] ), it will show that the class contains all unital simple AD-algebras as well as unital simple ATD-algebras. Let (G 0 , (G 0 ) + , u, G 1 , S, r) be a six-tuple, where S is any metrizable Choquet simplex, G 1 is any countable abelian group, (G 0 , (G 0 ) + , u) is any weakly unperforated Riesz group with order unit u and any pairing r, it will show that there is a unital simple separable amenable C * -algebra A ∈ A so that its Elliott invariant is precisely the given six-tuple. In that paper, we will also show that there are C * -algebras in A whose K 0 -group may not be a Riesz groups ( [40] ). Furthermore, the range of the Elliott invariants of C * -algebras in A will be determined.
for f, g ∈ Aff(T (A)) (f andḡ are images of f and g in Aff(T (A))/ρ A (T (A)), respectively). Define
Note that d A (f ,ḡ) < 2πd ′ A (f ,ḡ). As in 3.4 of [11] , ∆ A gives an isometric isomorphism (The isomorphism follows [45] and the isometric part follows (a slight modification) proof of 3.1 of [43] ).
2.3.
By Aut(A) we mean the group of automorphisms on A. Let u ∈ U (A). We write ad u the inner automorphism defined by ad u(a) = u * au for all a ∈ A.
Let C ⊂ A be a C * -subalgebra. Denote by Inn(C, A) the set of those monomorphisms ϕ : C → A such that ϕ(c) = lim n→∞ u * n cu n for some sequence of unitaries {u n } of A and for all c ∈ C.
2.4.
Suppose that A and B are two unital C * -algebras and ϕ : A → B is a homomorphism. Then ϕ maps CU (A) to CU (B). Denote by ϕ ‡ : U (A)/CU (A) → U (B)/CU (B) the induced homomorphism. Suppose that T (A) = ∅ and T (B) = ∅. Denote by ϕ T : T (B) → T (A) the continuous affine map defined by ϕ T (τ )(a) = τ (ϕ(a)) for all a ∈ A and τ ∈ T (B).
Let
A be a C * -algebra. Denote by SA = C 0 ((0, 1), A) the suspension of A.
2.6.
A C * -algebra A is an AH-algebra if A = lim n→∞ (A n , ψ n ), where each A n has the form P n M k(n) (C(X n ))P n , where X n is a finite CW complex (not necessarily connected) and P n ∈ M k(n) (C(X n )) is a projection. We use ψ n,∞ : A n → A for the induced homomorphism.
2.7.
Denote by N the class of separable amenable C * -algebra which satisfies the Universal Coefficient Theorem. Definition 2.8. Recall (see Theorem 6.13 of [20] ) that a unital simple C * -algebra A is said to have tracial rank no more than one (written T R(A) ≤ 1), if for any ǫ > 0, any a ∈ A + \ {0} and any finite subset F ⊂ A, there exists a projection p ∈ A and a C * -subalgebra C of A with 1 C = p and C = ⊕ m i=1 C(X i , M r(i) ), where X i is a connected finite CW complex with dimension dimX ≤ 1, such that (1) px − xp < ǫ for all x ∈ F, (2) dist(pxp, C) < ǫ for all x ∈ F, (3) 1 − p is von-Neumann equivalent to a projection in aAa.
Denote by I, the class of those C * -algebras with the form
. It was proved (Theorem 7.1 of [20] ) that if T R(A) ≤ 1, then in the above definition, we can choose C ∈ I. If furthermore, C can be replaced by finite dimensional C * -subalgebras, then T R(A) = 0. If T R(A) ≤ 1 and T R(A) = 0, we write T R(A) = 1. By Theorem 2.5 of [31] , if B is a unital simple AH-algebra with very slow dimension growth, then T R(B) ≤ 1.
2.9.
Let A and B be two unital C * -algebras and let ϕ : A → B be a homomorphism. One can extend ϕ to a homomorphism from M k (A) to M k (B) by ϕ ⊗ id M k . In what follows we will use ϕ again for this extension without further notice.
2.10.
Let A and B be two C * -algebras and let L 1 , L 2 : A → B be a map. Suppose that F ⊂ A is a subset and ǫ > 0. We write
2.11. Let A and B be two unital C * -algebras and let L : A → B be a unital contractive completely positive linear map. Let P ⊂ K(A) be a finite subset. It is well known that, for some small δ and large finite subset G ⊂ A, if L is also δ-G-multiplicative, then [L]| P is well defined. In what follows whenever we write [L]| P we mean δ is sufficiently small and G is sufficiently large so that it is well defined (see 2.3 of [30] ). If u ∈ U (A), we will use L (u) for the unitary L(u)|L(u) * L(u)| −1 .
For an integer m ≥ 1 and a finite subset U ⊂ U (M m (A)), let F ⊂ U (A) be the subgroup generated by U. As in 6.2 of [31] , there exists a finite subset G and a small δ > 0 such that a δ-G-multiplicative contractive completely positive linear map L induces a homomorphism L ‡ : F → U (M m (B))/CU (M m (B)). Moreover, we may assume, L (u) = L ‡ (ū). If there are L 1 , L 2 : A → B and ǫ > 0 is given. Suppose that both L 1 and L 2 are δ-G-multiplicative and L ‡ 1
and L ‡ 2 are well defined on F , whenever, we write
for all u ∈ U, we also assume that δ is sufficiently small and G is sufficiently large so that dist L 1 (u), L 2 (u)) < ǫ for all u ∈ U.
Definition 2.12. Let A be a C * -algebra. Following Dadarlat and Loring ([4] ), denote
Let B be a unital C * -algebra. If furthermore, A is assumed to be separable and satisfy the Universal Coefficient Theorem ( [44] ), by [4] ,
Hom Λ (K(A), K(B)) = KL(A, B).
Here KL(A, B) = KK(A, B)/P ext(K * (A), K * (B)). (see [4] for details). Let k ≥ 1 be an integer. Denote
Suppose that K i (A) is finitely generated (i = 0, 2). It follows from [4] that there is an integer k ≥ 1 such that Definition 2.14. Let A and B be two unital C * -algebras. Let h : A → B be a homomorphism and v ∈ U (B) such that h(g)v = vh(g) for all g ∈ A.
Thus we obtain a homomorphismh :
for f ∈ A and g ∈ C(S 1 ). The tensor product induces two injective homomorphisms:
The second one is the usual Bott map. Note, in this way, one writes
We use
For each integer k ≥ 2, one also obtains the following injective homomorphisms:
(e 2.5)
Thus we write
Denote by β
On the other handh induces homomorphismsh * i,k :
In what follows, we will use z for the standard generator of C(S 1 ) and we will often identify S 1 with the unit circle without further explanation. With this identification z is the identity map from the circle to the circle.
2.15.
Given a finite subset P ⊂ K(A), there exists a finite subset F ⊂ A and δ 0 > 0 such that
(see 2.10 of [30] ). There is δ 1 > 0 ( [41] ) such that bott 1 (u, v) is well defined for any pair of unitaries u and v such that [u, v] < δ 1 . As in 2.2 of [13] , if v 1 , v 2 , ..., v n are unitaries such that
By considering unitaries z ∈ A ⊗ C (C = C n for some commutative C * -algebra with torsion K 0 and C = SC n ), from the above, for a given unital separable amenable C * -algebra A and a given finite subset P ⊂ K(A), one obtains a universal constant δ > 0 and a finite subset F ⊂ A satisfying the following: 
We will also use the following Theorem 2.17. (Corollary 11.8 of [36] ) Let C be a unital simple C * -algebra in N with T R(C) ≤ 1 and let B be a unital separable simple C * -algebra with T R(B) ≤ 1. Suppose that ϕ 1 , ϕ 2 : C → B are two unital monomorphisms. Then there exists a sequence of unitaries {u n } of A such that
3 Rotation maps and Exel's trace formula 3.1. Let A and B be two unital C * -algebras. Suppose that ϕ, ψ : A → B are two monomorphisms. Define
(e 3.10)
When A = B and ϕ = id A , M ϕ,ψ is the usual mapping torus. We may call M ϕ,ψ the (generalized) mapping torus of ϕ and ψ. This notation will be used throughout of this article. Thus one obtains an exact sequence:
where π 0 : M ϕ,ψ → A is identified with the point-evaluation at the point 0.
Suppose that A is a separable amenable C * -algebra. From (e 3.11), one obtains an element in Ext(A, SB). In this case we identify Ext(A, SB) with KK 1 (A, SB) and KK(A, B). KL(A, B) . The mapping torus M ϕ,ψ corresponds a trivial element in KL(A, B). It follows that there are two exact sequences:
Suppose that [ϕ] = [ψ] in
which are pure extensions of abelian groups.
Definition 3.2. Suppose that T (B) = ∅. Let u ∈ M l (M ϕ,ψ ) be a unitary which is a piecewise smooth function on [0, 1]. For each τ ∈ T (B), we denote by τ the trace τ ⊗ T r on M l (B), where T r is the standard trace on M l as in 2.1. Define
(e 3.14)
It is easy to see that R ϕ,ψ (u) has real values. If
for all a ∈ A and τ ∈ T (B), (e 3.15)
then there exists a homomorphism
If p is a projection in M l (B) for some integer l ≥ 1, one has ı * ([p]) = [u], where u ∈ M ϕ,ψ is a unitary defined by u(t) = e 2πit p + (1 − p) for t ∈ [0, 1]. It follows that
In other words,
Thus one has, exactly as in 2.2 of [18] , the following:
When (e 3.15) holds, the following diagram commutes:
in KK(A, B) and A satisfies the Universal Coefficient Theorem, using Dadarlat-Loring's notation, one has the following splitting exact sequence:
(e 3.16)
In other words, there is θ ∈ Hom
In particular, one has a monomorphism θ|
Thus, one may write
(e 3.17)
Suppose also that τ • ϕ = τ • ψ for all τ ∈ T (A). Then one obtains the homomorphism
We say a rotation related map vanishes, if there exists a such splitting map θ such that
Denote by R 0 the set of those homomorphisms λ ∈ Hom(K 1 (A), Aff(T (B))) for which there is a homomorphism h :
. In other words,
Thus, we obtain a well-defined element R ϕ,ψ ∈ Hom(K 1 (A), Aff(T (B)))/R 0 (which does not depend on the choices of θ).
In this case, if there is a homomorphism
(e 3.20)
When R ϕ,ψ = 0, θ(K 1 (A)) ∈ kerR ϕ,ψ for some θ so that (e 3.16) holds. In this case θ also gives the following:
The following is a generalization of the Exel trace formula for the Bott element. 
Proof. There is δ 1 > 0 (one may choose δ 1 = 2) such that, for any pair of unitaries for which uv−vu < δ 1 , bott 1 (u, v) is well defined (see 2.15). There is also δ 2 > 0 satisfying the following: if two pair of unitaries u 1 , v 1 , u 2 , v 2 such that
as well as
We may also assume that
Let log : F → (−π, π) be a smooth branch of logarithm. We choose δ = min{δ 1 /2, δ 2 /2}. Now fix a pair of unitaries u, v ∈ A with
For ǫ > 0, there is δ 3 > 0 such that
provided that |t − t ′ | < δ 3 and t, t ′ ∈ F. 27) and τ (1 − p) < ǫ 1 for all τ ∈ T (A).
(e 3.28)
In particular,
We also have
where
, by Exel's trace formula ( [14] ), one has
where T r j is the standard trace on
for all s ∈ [0, 1]. It follows that, for any tracial state t ∈ T (C j ),
Suppose that τ ∈ T (A). Then there are λ j ≥ 0 such that
where t j ∈ T (C j ), j = 1, 2, ..., r. It follows that
Note that
for all τ ∈ T (A). It follows that
for all τ ∈ T (A).
By(e 3.27), we have
Thus, by the choice of ǫ 1 and by (e 3.27),
for all τ ∈ T (A). Thus, by (e 3.45) and (e 3.43),
for all τ ∈ T (A) and for all ǫ. Let ǫ → 0, we obtain
for all τ ∈ T (A). 
Asymptotic unitary equivalence
Then there is a continuous piecewisely smooth path of unitaries {w(t) :
(e 4.49)
Proof. For each integer n ≥ 1, since v(t) is continuous in [n − 1, n], there are points {t i,n : i = 0, 1, ..., l(n) such that n − 1 = t 0,n < t 1,n < · · · t l(n),n = n + 1 and
Therefore there is, for each i, a selfadjoint element h i,n ∈ B with h i,n ≤
.., l(n) and n = 1, 2, .... Note that, for any c ∈ C,
for all t ∈ [t i−1,n , t i,n ), i = 1, 2, ..., l(n) and n = 1, 2, .... It follows that
Note that v(t) is continuous and piecewisely smooth. 
(e 4.54)
Proof. This follows from 4.2 and 4.1 immediately.
An existence theorem
Lemma 5.1. Let C be a unital separable exact simple C * -algebra with real rank zero, stable rank one and weakly unperforated K 0 (C). Let A be a unital simple C * -algebra of stable rank one. Suppose that there is a homomorphism κ :
for any projection p ∈ C. Moreover, suppose that there is a sequence of unital completely positive linear maps
Proof. It follows from [3] that there is a quasi-trace Λ(τ ) on C such that
for each projection p ∈ C and for each τ ∈ T (A). It follows from the Haagerup theorem that Λ(τ ) is a tracial state on C. Thus κ gives a positive linear map Λ :
for all projections p ∈ A. Moreover, for each f ∈ C s.a , there is a sequence of sets of finitely many mutually orthogonal projections p 1,n , p 2,n , ..., p k(n),n ⊂ C and real numbers λ 1,n , λ 2,n , ..., λ k,n such that
It follows from (e 5.56) that
For any f ∈ C + with f = 4/3, since C has real rank zero, there is a projection
Let A and let C be unital C * -algebras. Let T = N × R : C + \ {0} → N × R be a map and let H ⊂ C + \ {0} be a subset. Recall that a map L : C → A is said to be H × T -full, if, for any a ∈ H, there are N (a) elements
Lemma 5.2. Let C be a unital separable exact simple C * -algebra with real rank zero, stable rank one and weakly unperforated K 0 (C). Let A be a unital simple C * -algebra with T R(A) ≤ 1.
Suppose that there is a homomorphism
] + 1 and R(a) = max{1/ a , 1}. (e 5.60)
). By (e 5.57) and Section 2.5 of [22] , there is a projection p ∈ A such that, with
From what we have shown above, there are
It follows from (e 5.62) (and Section 2.5 of [22] , for example) that there is 0 ≤ b 1 ≤ 2 such that
It follows that there are
It follows that L n is H-T -full for all n ≥ n 0 .
Definition 5.3. Denote by C 00 the class of C * -algebras with the form P M l (C(X))P, where
where Y is a connected finite simplicial complex with dimension no more than three and with torsion
) is a projection. In particular, X ∈ X as defined in 8.2 of [36] . Denote by C 0 the class of C * -algebras in C 00 so that the projection P has rank at least 6, if
Denote by C the class of AH-algebras which have the form C = lim n→∞ (C n , ı n ), where each C n is a finite direct sum of C * -algebras in C 0 and ı n is a unital monomorphism. If C ∈ C, then one has splitting short exact sequence
and ∆ C is an isometric and isomorphism (see 2.2).
Theorem 5.4. Let C be a unital separable simple amenable C * -algebra with T R(C) = 0 which satisfies the UCT and let A be a unital separable simple C * -algebra with
Proof. It follows from [26] that C is a unital simple AH-algebra. Moreover, it can be written as C = lim n→∞ (C n , ϕ n,n+1 ), where each C n is a finite direct sum of C * -subalgebras in C 0 (this follows from a theorem of Villadsen and Theorem 10.9 and Theorem 10.10 of [31] , see also [11] ). Furthermore, by [10] , we may assume that ϕ n,n+1 are injective. Let {F n } be an increasing sequence of finite subsets of C whose union is dense in C. We may assume that there is a finite subset
... Let {P n } be an increasing sequence of finite subsets of K(C). By 9.10 of [31] , there exists a sequence of unital completely positive linear maps
) be as required by Theorem 11.5 of [36] for ǫ n = 1/2 n+1 , F n and T. Since C is of stable rank one, we only need to consider the case that U n ⊂ U (C). To simplify the notation, we may assume that U n ⊂ U (C). By passing to a subsequence of {P n }, we may assume, without loss of generality, that P n = P ′ n , n = 1, 2, .... Note as in (e 5.63) we may write
... To simplify notation, without loss of generality, we may assume that
... Without loss of generality, we may also assume that there is a finite subset
is the quotient map, n = 1, 2, .... We may assume, by passing to a subsequence, that
(e 5.65)
We claim, that, there is a subsequence {n(k)} such that
, where we write
We use induction. Suppose that we have constructed n(1) < n(2) < ..., n(k) so that (e 5.66), (e 5.67) and (e 5.68) hold.
Since T R(C) = 0, we may assume that there is a projection p k ∈ C and a unital homomorphism ψ k : C k → B for some finite dimensional C * -subalgebra B of C with 1 C = p k such that
To simplify notation, we may assume that L n (p k ) is a projection for all n ≥ n(k)+1, without loss of generality.
By 5.2, we may assume, without loss of generality, that
We may also assume that N (k) > n(k). Without loss of generality, we may further assume that L N (k) (p k ) is a projection.
It follows from Lemma 7.4 of [31] that there is a unital homomorphism
Note, by 5.2, we may assume that L ′′ n(k+1) is also H k+1 -T -full. By, (e 5.71),
and a ∈ G ′ k+1 . In particular, by (e 5.65),
k . By combining with (e 5.72), one sees that (e 5.74) holds for all u ∈ U k . By applying Theorem 11.5 of [36] , we obtain a unitary
(e 5.75)
Moreover, it is clear that, by choosing larger N (k), if necessarily, we assume that
. This proves the claim. It follows that {L ′ n(k) } is a Cauchy sequence. One obtains a unital linear map h :
Therefore h must be a unital homomorphism. It follows from (e 5.73) that
6 Almost commuting with a unitary Lemma 6.1. Let C be a unital AH-algebra and let A be a unital separable simple C * -algebra with T R(A) = 0. Suppose that there is a unital monomorphism h : C → A. Then, for any ǫ > 0, any finite subset F and any finite subset P ⊂ K(C), there exists a C * -subalgebra C 0 ⊂ C with P ⊂ [ı](K(C 0 )), where ı : C 0 → C is the embedding, and a finite subset Q ⊂ K 1 (C 0 ) and δ > 0 satisfying the following:
Moreover, there is a sequence of C * -algebras C n with the form C n = P n M r(n) (C(X n ))P n , where X n is a finite CW complex and P n ∈ M r(n) (C(X n )) is a projection, such that C = lim n→∞ (C n , ϕ n ) for a sequence of unital monomorphisms ϕ n : C n → C n+1 and one may choose
Proof. Suppose that κ ∈ Hom Λ (K(C ⊗ C(T)), K(A)). Note (see 2.10 of [30] ) that
We see then the lemma follows immediately from Lemma 7.5 of [33] by considering κ ′ instead of κ.
Lemma 6.2. Let X be a finite CW complex and let C = P M r (C(X))P, where P ∈ M r (C(X)) is a projection and r ≥ 1. Let A be a unital separable simple C * -algebra with T R(A) = 0 and let κ ∈ KK e (C, A) ++ . Suppose that p ∈ A is a non-zero projection. Then there is a nonzero projection p 0 ≤ p, a unital monomorphism h 0 : C → p 0 Ap 0 and a unital homomorphism
where F is a finite dimensional C * -subalgebra of A with 1 F = 1 − p 0 .
Proof. First we assume that C = C(X). It is then clear that we may assume that X is a connected. In this case the lemma follows from Lemma 4.2 of [30] . For general case, there is
Then there is a projection q ∈ M k (A) such that there are mutually orthogonal and mutually equivalent projections
, where e 1 is a rank one projection.
It follows from the special case that there is a unital monomorphism h 0 :
, where e ′ 1 ∈ M R 1 (C) is a rank one projection. Then we obtain a unital monomorphism h : C → A by choosing h = ad u • h ′ for some unitary u ∈ h 2 (M R 1 (C)). By choosing a right unitary, we may write h = h 0 + h 1 , where h 0 maps C into p 0 Ap 0 with p 0 ≤ p and h 1 : C → (1 − p 0 )A(1 − p 0 ) with finite dimensional range. Theorem 6.3. Let C be a unital C * -algebra with the form C = lim n→∞ (C n , ı n ), where C n is a finite direct sum of C * -subalgebras in C 00 and ı n : C n → C n+1 is unital and injective, and let A be a unital separable simple C * -algebra T R(A) ≤ 1. Suppose that h : C → A is a monomorphism. Then, for any ǫ > 0, any finite subset F and any finite subset P ⊂ K(C), there exists n ≥ 1 for
(e 6.78)
Then there exists a unitary
Proof. It is clear that it suffices to prove the case that C is a finite direct sum of C * -algebras in C 00 . Therefore, to simplify notation, without loss of generality, we may assume that C ∈ C 00 and write C = P C r (C(X))P. Let B be a unital separable simple C * -algebra with T R(B) = 0 which satisfies the UCT and
It follows from 5.4 that we may assume that there is an embedding ı : B → A such that [ı] (in KL(B, A)) induces an identification of the above. To simplify notation, we may further assume that B is a unital C * -subalgebra of A.
Let ǫ 1 > 0 with ǫ 1 < ǫ and let F 1 ⊃ F be a finite subset such that, for any unital homomorphism H : C → A and unitary u ′ ∈ A for which
For a moment, we assume that rank of P at each point of X has rank at least 6. In this case K 1 (C) = U (C)/U 0 (C). Therefore, we may assume that U ⊂ U (C). Write U (C)/CU (C) = U 0 (C)/CU (C) ⊕ K 1 (C) and π 1 : U (C)/CU (C) → U 0 (C)/CU (C) and π 2 : U (C)/CU (C) → K 1 (C) are projection maps, respectively. Let U 1 = π 1 (U) and U 2 = π 2 (U). To simplify the notation, without loss of generality, we may assume that It follows from 6.2 that there is a unital monomorphism h 0 : C → p 0 Bp 0 with τ (p 0 ) < min{δ 1 /8, δ 2 /4} for all τ ∈ T (B) and a unital homomorphism h ′ 1 : C → F, where F is a finite dimensional C * -subalgebra of B with 1 F = (1 − p 0 ) such that
(e 6.79)
Note that we have assumed that C ∈ C 0 . Let 1 > δ 3 > 0 (in place of δ) and Q ⊂ K 1 (C) be required by Lemma 6.1 for F, P and p 0 Bp 0 ( in place of A). 
(e 6.83)
and for all τ ∈ T (A).
Define ϕ 1 = h 0 + h 1 . By applying Lemma 7.4 of [31] , we obtain a unital homomorphism Φ : C → q 0 Aq 0 with Φ * 0 = (ϕ 0 ) * 0 , Φ is homotopically trivial, and, for all w ∈ U,
where g w ∈ U 0 (A) and cel(g
(e 6.85)
Moreover, we compute that
and for all τ ∈ T (A). Since H 0 ⊃ ∆ C (U 1 ), by combining the above inequality with (e 6.84),
(e 6.89)
By applying Corollary 11.6 of [36] that there is a unitary U ∈ A such that
(e 6.90)
(e 6.91)
Moreover, by the choice of ǫ 1 ,
(e 6.93)
Now consider the general case. We consider h ⊗ id M 6 :
and (e 6.94)
It is easy to compute that there is a unitary u ∈ U (A) such that and
(e 6.98)
Remark 6.4. Let A be a unital simple separable C * -algebra with T R(A) ≤ 1 and let C be a unital AH-algebra as in Theorem 6.3. Note that, given homomorphisms 7 Asymptotic unitary equivalence in simple C * -algebras of tracial rank one Lemma 7.1. Let C be a unital AH-algebra in C and let A be a unital separable simple C * -algebra with T R(A) ≤ 1. Suppose that ϕ 1 , ϕ 2 : C → A are two unital monomorphisms. Suppose that KL(C, A) , (e 7.99)
(e 7.101)
Then, for any increasing sequence of finite subsets {F n } of C whose union is dense in C, any increasing sequence of finite subsets {P n } of K 1 (C) with ∪ ∞ n=1 P n = K 1 (C) and any decreasing sequence of positive number {δ n } with ∞ n=1 δ n < ∞, there exists a sequence of unitaries {u n } in U (A) such that
and
for all sufficiently large n.
Proof. It follows from Corollary 11.7 of [36] that there exists a sequence of unitaries {u n } ⊂ A such that
(e 7.104)
Without loss of generality, we may assume that P n = {z 1 , z 2 , ..., z n } and we may also assume that F n are in the unit ball of C and ∪ ∞ n=1 F n is dense in the unit ball of C and we write that C = lim n→∞ (C n , ψ n ), where C n = P n M R(n) (C(X n ))P n and C n is a finite direct sum of C * -algebras in C 0 , and where each ψ n is a unital monomorphism. We may assume that 105) for some finite subset G n ⊂ ϕ n,∞ (C n ) which contains F n . Moreover, we may assume that Bott(h ′ • ψ n,∞ , u ′ ) is well defined whenever (e 7.105) holds. Put ǫ ′′ n = min{ǫ ′ n /2, 1/2 n+1 , δ n /2}. Let δ ′ n > 0 ( in place of δ), k(n) ≥ 1 (in place of n) and Q n ⊂ K 1 (C n ) (in place of Q) be as required by 6.3 for ǫ ′′ n /2 (in place of ǫ), F n (in place of F) and P n = {z 1 , z 2 , ..., z n } (in place of P).
Note here we assume that
Suppose that {y 1 , y 2 , ..., y m(n) } (m(n) ≥ n) forms a set of generators of K 1 (C k(n) ). We may assume, without loss of generality, that Q n = {y 1 , y 2 , ..., y m(n) }. Put ǫ n = min{ǫ ′′ n /2, δ ′ n /2}. We may assume that
(e 7.106)
Moreover we may assume that
(e 7.107)
We will continue to use ϕ i for ϕ i ⊗ id M l , i = 1, 2.
By choosing even larger G k(n) , we may also assume that
Then for any τ ∈ T (A),
(e 7.109)
By the assumption that
) and by Lemma 3.5, we conclude that
(e 7.110) By applying 6.1, 6.2 and 6.3 of [32] , and choosing larger G k(n) , we obtain a homomorphism
Since α ′ n (K 1 (C n )) is free, it follows from (e 7.110) that there is a homomorphism α
n :
(e 7.112)
n . It follows from 6.3 that there exists a unitary U n ∈ U 0 (A) such that
, (e 7.114) j = 1, 2, ..., n. By the Exel trace formula 3.5 and (e 7.111), we have
for all τ ∈ T (A), j = 1, 2, ..., m, wherē
By 6.1 of [32] ), and by (e 7.114) and (e 7.116), we compute that
for all τ ∈ T (A). Let
and (e 7.124)
, (e 7.125) j = 1, 2, ..., n and n = 1, 2, .... We have, by (e 7.123),
for all τ ∈ T (A), j = 1, 2, ..., n and n = 1, 2, .... Note also τ (b j,n+1 ) = 0 for all τ ∈ T (A) and for j = 1, 2, ..., n. Note thatū n e 2πib ′ j,nū * n = e 2πib j,n e −2πib j,n+1 . (e 7.129) Thus, by 6.1 of [32] and by (e 7.129), we compute that
It follows the Exel trace formula (3.5) and (e 7.130) that
for all τ ∈ T (A). It follows that (e 7.103) holds. By (e 7.106) and (e 7.113), one concludes that (e 7.102) also holds. 
(e 7.137)
Proof. The "only if " part follows from 4.3. We need to show that "if" part of the theorem. Let C = lim n→∞ (C n , ψ n ), where C n is a finite direct sum of C * -algebras in C 0 and ψ n : C n → C n+1 is a unital monomorphism. Let {F n } be an increasing sequence of finite subsets of C such that ∪ ∞ n=1 F n is dense in C. Put
Since C satisfies the Universal Coefficient Theorem, the assumption that [ϕ 1 ] = [ϕ 2 ] in KK(C, A) implies the following exact sequence splits:
For some θ ∈ Hom Λ (K(C), K(A)). Furthermore, since τ • ϕ 1 = τ • ϕ 2 for all τ ∈ T (A) and R ϕ 1 ,ϕ 2 = {0}, we may also assume that
(e 7.139)
By [4] , one has
Since each K i (C n ) is finitely generated, there is an integer K(n) ≥ 1 such that
(e 7.141) Let δ ′ n > 0 (in place of δ), G ′ n ⊂ C (in place of G) and P ′ n ⊂ K(C) (in place of P) be finite subsets corresponding to 1/2 n+2 and F n required by Theorem 7.4 of [38] . Without loss of generality, we may assume that G ′ n ⊂ ψ n,∞ (G n ) and P ′ n = [ψ n,∞ ](P n ) for some finite subset G n of C n and for some finite subset P n ⊂ K(C n ). We may assume that P n contains a set of generators of F K(n) K(C n ), δ ′ n < 1/2 n+3 and F n ⊂ G ′ n . We also assume that Bott(h ′ , u ′ )| Pn is well defined whenever h ′ (a), u ′ ] < δ ′ n for all a ∈ G ′ n and for any unital homomorphism h ′ and unitary u ′ . Note that Bott(h ′ , u ′ )| Pn defines Bott(h ′ | Cn , u ′ ).
We further assume that
We may also assume that δ ′ n is smaller than δ/3 for that δ in 2.15 for C n and P n . Let k(n) ≥ n (in place of n) and η n > 0 (in place of δ) be required by 6.3 for ψ n,∞ (G n ) (in place of F), P n (in place of P) and δ ′ n /4 (in place of ǫ). For C n , since K i (C n ) (i = 0, 1) is finitely generated, by choosing larger k(n), we may assume that (ϕ k(n),∞ ) * i is injective on (ϕ n,k(n) ) * i (K i (C n )), i = 0, 1. Since K i (C n ) is finitely generated, by (e 7.141), we may further assume that [ϕ k(n),∞ ] is injective on [ϕ n,k(n) ](K(C n )), n = 1, 2, ....
By passing to a subsequence, to simplify notation, we may assume that k(n) = n + 1. Let δ n = min{η n , δ n /2 ′ }. By 7.1, there are unitaries v n ∈ U (A) such that
is finitely generated). Note that, by (e 7.142), we may also assume that
(e 7.146)
for all x ∈ ψ n+1,∞ (K 1 (C n+1 )). By applying 10.4 and 10.5 of [33] , without loss of generality, we may assume that ϕ 1 and
. Furthermore, by 10.4 and 10.5 of [33] , without loss of generality, we may assume that
where {z 1 , z 2 , ..., z r(n) } ⊂ U (M k (C n+1 )) which forms a set of generators of K 1 (C n+1 ) and where
(e 7.149) Thus, by passing to a subsequence, we may further assume that
By identifying H n with γ n+1 (H n ), we may write j n :
By (e 7.149), the inductive limit is K (M ϕ 1 ,ϕ 2 ) .
From the definition of γ n , we note that,
(e 7.151) Thus, we obtain the following diagram:
By the assumption that R ϕ 1 ,ϕ 2 = 0, θ also gives the following
,∞ ] and κ n = ζ n − θ n . Note that
(e 7.152)
We also have that
It follows from 10.3 of [33] that there are integers
, and a continuous path of unitaries {V n (t) :
on ψ n+1,∞ (G n+1 ) for all t ∈ (3/4, 1), and
, where π t : M ϕ 1 ,ϕ 2 → A is the point-evaluation at t ∈ (0, 1). Note that R ϕ 1 ,ϕ 2 (θ(z)) = 0 for all x ∈ ϕ n+1,∞ (K 1 (C n+1 )). As computed in 10.4 of [33] ,
for z = ψ n+1,∞ (y), where y is in a set of generators of K 1 (C n+1 ) and for all τ ∈ T (A).
(e 7.160) j = 1, 2, ..., r(n), whereṼ n = diag(V n , 1). Then, by (e 7.159), using exactly the same argument from (e 7.126)-(e 7.130), we compute that
It follows from 6.3 that there is a unitary w ′ n ∈ U (A) such that
for all a ∈ ψ n,∞ (G n ) and (e 7.162)
(e 7.163)
By (e 7.142),
(e 7.165)
But, by (e 7.154),
It follows from (e 7.165), (e 7.166), (e 7.167) and 10. 6 of [33] that
Define u n = v n w * n , n = 1, 2, .... Then, by (e 7.143) and (e 7.162),
From (e 7.146), (e 7.142) and (e 7.168), we compute that
(e 7.177) = 0 (e 7.178) Therefore, by 2.16, there exists a piece-wise smooth and continuous path of unitaries {z n (t) :
Note that u(n) = u n+1 for all integer n and {u(t) : t ∈ [0, ∞)} is a continuous path of unitaries in A. One estimates that, by (e 7.169) and (e 7.180),
on F n (e 7.182) for all t ∈ (0, 1). It then follows that
(e 7.183) 8 The range of asymptotic unitary equivalence classes Definition 8.1. Let C be a unital C * -algebra for which T (C) = ∅. Denote by T f (C) the set of faithful tracial states. Let A be another unital C * -algebra with T (A) = ∅. Let κ ∈ KK e (A, B) ++ , γ : T (A) → T f (C). We say that γ is compatible with κ if for any projection p ∈ M k (C) and τ ∈ T (A), γ(τ )(p) = τ (κ ([p]) ). Let γ * : Aff(T (C)) → Aff(T (A)) be the continuous affine map induced by γ, i.e.,
and for all τ ∈ T (A). If γ is compatible with κ, denote by γ * : Aff(
is the quotient map. Now uppose that K 1 (C) = U (C)/U 0 (A) and suppose that A is a unital simple C * -algebra with T R(A) ≤ 1. We say α, γ and κ are compatible if α and γ are compatible with κ and
Note that if u = m k=1 exp(ih k ), where h k ∈ C s.a. , then u ∈ CU (C) if and only if m k=1 τ (h j ) = 0 for all τ ∈ T (C), j = 1, 2, ..., m.
8.2.
Let X be a compact metric space and let C = P M k (C(X))P, where P ∈ M k (C(X)) is a projection, and let A be a unital simple C * -algebra with stable rank one. Let γ :
continuous affine map. For any τ ∈ T (A), and open subset
Fix a ∈ (0, 1). There are finitely many points Moreover, we may also require that Proof. The most part of the proof of this lemma is contained in that of 5.4. For the convenience of the reader, we present the proof below. As in the proof of 6.3, there is an unital embedding ı : B → A, where B is a unital separable amenable simple C * -algebra with T R(B) = 0, such that [ı] ∈ KK e (B, A) ++ is an invertible element. Therefore there is κ 0 : KK e (C, B) ++ such that KK(C, A) .
We write C = P M r (C(X))P, where X is a connected finite CW complex as described in 5.3, r ≥ 6 and P ∈ M r (C(X)) is projection.
Let ǫ 1 > 0, ǫ 2 > 0, κ, H and U be given. We may assume that
To simplify notation, without loss of generality, we may also assume that U = π 1 (U) ∪ π 2 (U). Let δ 1 > 0 (in place of δ) be required by Lemma 7. 
(e 8.189) for all f ∈ H 1 and for all τ ∈ T (A). Now define ϕ 0 = h 1,0 and ϕ 1 = h 0 ⊕ h 2 . Note that ϕ 0 is homotopically trivial. By applying Lemma 7.4 of [31] , we obtain a unital homomorphism Φ : C → e 0 Ae 0 such that
where g w ∈ U 0 (A) and cel(g w ) < ǫ 2 /2 for allw ∈ π 2 (U) and Φ is homotopically trivial. Now define h = Φ + ϕ 1 . Then clearly
for all τ ∈ T (A) (e 8.193) and for all f ∈ H 1 . In particular, for all
2). Combining this with (e 8.190), we have, for all w ∈ U,
We note that the last part of the lemma follows by choosing smaller ǫ 1 and larger H.
Lemma 8.4. Let C ∈ C 0 and let A be a unital separable simple C * -algebra with T R(A) ≤ 1. Suppose that κ ∈ KK e (C, A) ++ , γ : T (A) → T f (C) is a continuous affine map and α : U (C)/CU (C) → U (A)/CU (C) is a homomorphism for which γ, α and κ are compatible. Then there exists a unital monomorphism h : C → A such that
Proof. Let ∆ = ∆ 1 /2 be as in 8.2 associated with γ. Let {ǫ n } be a sequence of decreasing positive numbers with lim n→∞ ǫ n = 0, {H n } be an increasing sequence of finite subsets of C s.a such that the union is dense in A s.a. and {U n } be an increasing sequence of finite subsets of U (C) such that the union is dense in U (C). Let {η n } be another sequence of decreasing positive numbers such that lim n→∞ η n = 0.
It follows from 8.3 that there exists a sequence of unital monomorphisms h n : C → A such that
for all τ ∈ T (A) and for all f ∈ H n , and
and for any open ball with radius a ≥ η n . Moreover, dist(h ‡ n (w), α(w)) < ǫ n (e 8.199) for all w ∈ U n . Let {F n } be an increasing sequence of finite subsets of C such that the union is dense in C. It follows from 10.10 of [36] that there exists a subsequence {n(k)} and a sequence of unitaries {u n } ⊂ A such that
} is a Cauchy sequence. Therefore it converges. Let h be the limit. It is then easy to check that h meets all requirements.
Lemma 8.5. Let C ∈ C and let A be a unital separable simple C * -algebra with T R(A) ≤ 1. Suppose that κ ∈ KL e (C, A) ++ , γ : T (A) → T (C) is a continuous affine map and α :
is a homomorphism for which γ, α and κ are compatible. Then there exists a unital homomorphism h : C → A such that
Proof. We may write that C = lim n→∞ (C n , ϕ n,n+1 ), where C n is a finite direct sum of C * -algebras in C 0 and each ϕ n is unital and injective.
It follows from 8.4 that there are unital monomorphisms ψ n : C n → A such that
Let {F n } be an increasing sequence of finite subsets of C whose union is dense in C. Without loss of generality, we may assume that there is a finite subset
... It follows from Corollary 11.7 of [36] that there is a subsequence {n(k)}, a sequence of unitaries {u k } ⊂ A such that 
Thus one obtains a unital homomorphism
Proof. Denote by κ the image of κ in KL(C, A). It follows from 8.5 that there is unital monomorphism ϕ : C → A such that 
for all c ∈ C s.a. and for all τ ∈ T (A).
Rotation maps
The following follows from a result of K. Thomsen.
Lemma 9.1. Let A be a unital separable simple C * -algebra with T R(A) ≤ 1. Suppose that u ∈ CU (A). Then, for any piece-wise smooth continuous path {u(t) :
Proof. It follows from Corollary 3.5 of [38] that the map j :
Then the lemma follows from Lemma 3.1 of [45] (see also Theorem 3.2 of [45] ).
Lemma 9.2. Let A be a unital simple C * -algebra with T R(A) ≤ 1. Let C be a unital separable C * -algebra with K 1 (C) = U (C)/U 0 (C). Suppose that ϕ, ψ : C → A are two unital monomorphisms such that
Proof. Let z ∈ K 1 (C) be represented by a unitary u. Then by (e 9.213),
Suppose that {u(t) : t ∈ [0, 1]} is a piece-wise smooth continuous path in U (A) such that u(0) = ϕ(u) and u(1) = ψ(u). Put w(t) = ψ(u) * u(t). Then w(0) = ψ(u) * ϕ(u) ∈ CU (A) and
for all τ ∈ T (A). By 9.1,
Definition 9.3. Let A be unital C * -algebra, let C ⊂ A be a unital C * -subalgebra. Denote by Inn(C, A) the set of those monomorphisms ψ for which there exists a sequence of unitaries {u n } ∈ A such that ψ(c) = lim n→∞ u * n cu n for all c ∈ C. 
and the rotation map R ı,ϕ :
Proof. This is proved in Theorem 4.2 of [39] . In the assumption of Theorem 4.2 of [39] , it is assumed that ρ A (K 0 (A)) is dense in Aff(T (A)). However, in fact, it is λ(K 1 (C)) ⊂ ρ A (K 0 (A)) that is used.
Definition 9.5. Let A be a unital C*-algebra, and let C be a unital separable C * -algebra. Denote by Mon Denote by κ, α, γ the subset of ϕ ∈ Mon e asu (C, A) such that K(ϕ) = (κ, α, γ).
Theorem 9.6. Let C and A be two unital separable simple amenable C * -algebras with T R(A) ≤ 1. Suppose that ϕ 1 , ϕ 2 , ϕ 3 : A → B are three unital monomorphisms for which
(e 9.220)
as follows: Let k > 0 be an integer and u ∈ M k (C) be a unitary. We may assume that there is a unitary w(t) ∈ M k (M ϕ 1 ,ϕ 2 ) such that
for some unitary u ′ ∈ M k (C). To simplify notation, without loss of generality, we may assume that there are
Moreover, (by Lemma 3.1 of [35] , for example),
It follows that
for all τ ∈ T (A). Therefore, without loss of generality, we may assume that u = u ′ in (e 9.221). We may also assume that both paths are piecewise smooth.
We may also assume that there is a unitary s(t) ∈ M k (M ϕ 2 ,ϕ 3 ) such that
, where
, (e 9.225)
Thus θ 3 gives a homomorphism from Then
Proof. By 9.6, we compute that
(e 9.233) Theorem 9.8. Let C ∈ N be a unital simple C * -algebra with T R(C) ≤ 1 and let A be a unital separable simple C * -algebra with TR(A) ≤ 1. Then the map K : Mon
Proof. It follows from 8.6 that K is surjective. Fix a triple (κ, α, γ) ∈ KKT (C, A) ++ and choose a unital monomorphism ϕ : C → A such that [ϕ] = κ, ϕ ‡ = α and ϕ T = γ. If ϕ 1 : C → A is another unital monomorphism such that K(ϕ 1 ) = K(ϕ). Then by 9.2,
Let λ ∈ Hom(K 1 (C), ρ A (K 0 (A))) be a homomorphism. It follows from 6.4 that A has property (B1) and property (B2) associated with C. By applying 9.4, we obtain a unital monomorphism ψ ∈ Inn(ϕ(C), A) with [ψ • ϕ] = [ϕ] in KK(C, A) such that there exists a homomorphism θ :
Thus we obtain a well-defined and surjective map
To see it is one to one, let ϕ 1 , ϕ 2 :
Then, by 9.6,
It follows from 7.2 that ϕ 1 and ϕ 2 are asymptotically unitarily equivalent.
Definition 9.9. Denote by KKU T −1 e (A, A) ++ the subgroup of those elements κ, α, γ ∈ KKU T e (A, A) ++ for which κ| K i (A) is an isomorphism (i = 0, 1), α is an isomorphism and γ is a affine homeomorphism. Denote by
Denote by id A the class of those automorphisms ψ which are asymptotically unitarily equivalent to id A . Note that, if ψ ∈ id A , then ψ is asymptotically inner, i.e., there exists a continuous path of unitaries {u(t) :
Corollary 9.10. Let A ∈ N be a unital simple C * -algebra with T R(A) ≤ 1. Then one has the following short exact sequence:
In particular, if ϕ, ψ ∈ Aut(A) such that
Proof. It follows from 8.6 that, for any κ, α, γ , there is a unital monomorphism h :
By 8.6, choose h 1 : A → A such that
It follows from Corollary 11.7 of [36] that h • h 1 and h • h 1 are approximately unitarily equivalent. Applying a standard approximate intertwining argument of G. A. Elliott, one obtains two isomorphisms ϕ and ϕ −1 such that there is a sequence of unitaries {u n } in A such that 
The proof 9.8 says that there is ψ 00 ∈ Inn(A, A) (in place of ψ) such that K(ψ 00 • id A ) = K(id A ) and
Note that ψ 00 is again an automorphism.
The last part of the lemma then follows from 9.7.
Strong asymptotic unitary equivalence
Let ϕ 1 , ϕ 2 : C → A be two unital monomorphisms which are asymptotically unitarily equivalent. A natural question is: Can one find a continuous path of unitaries {u t : t ∈ [0, ∞)} of A such that u 0 = 1 A and lim
It is known (see section 10 of [33] ) that, in general, unfortunately, the answer is negative. [33] and see also [29] ) Let A be a unital C * -algebra and B be another C * -algebra. Recall ( [29] ) that
Let us quote the following: 
Lemma 10.4. Let C = lim n→∞ (C n , ψ n ), where C n is a finite direct sum of C * -algebras in C 00 and ψ n is unital and injective, and let A be a unital separable simple C * -algebra with T R(A) ≤ 1.
Suppose that ϕ 1 , ϕ 2 : C → A are two monomorphisms such that there is an increasing sequence of finite subsets F n ⊂ C whose union is dense in C, an increasing sequence of finite subsets {P n } of K 1 (C) whose union if K 1 (C), a sequence of positive numbers {δ n } with ∞ n=1 δ n < 1 and a sequence of unitaries {u n } ⊂ A, such that ad u n • ϕ 1 ≈ δn ϕ 2 on F n and (e 10.238)
(e 10.239)
Then, we may further require that
There is, for each n, a positive number η n < δ n , such that
It follows from 6.3 that, there is a unitary w n ∈ U (A) such that [ϕ 2 (a), w n ] < (δ n − η n )/2 for all a ∈ F n and (e 10.242) 
Proof. This follows from 10.3 and the proof of 10.5. Proof. Let x ∈ K 1 (B). Then one defines γ :
Thus the corollary follows from 10.5.
11 Classification of separable simple amenable C * -algebras 11.1. Let p be a supernatural number. Denote by M p the UHF-algebra associated with p (see [6] ). Denote by Q the UHF-algebra with K 0 (Q) = Q and [1 Q ] = 1.
Lemma 11.2. Let A be a unital separable simple C * -algebra with T R(A) ≤ 1 and let p be a supernatural number of infinite type. Then the homomorphism ı :
Proof. Since ϕ * 1 is an isomorphism and β * 1 = id K 1 (B⊗Mp ) , we have that
. (e 11.247)
Considering the following diagram:
Combining this with (e 11.247), we have that
We then conclude that
Furthermore, we also have
(e 11.248)
It follows from Lemma 6.6 that U 0 (A)/CU (A) is divisible. There is an injective homomorphism
is the quotient map and we write
We also have an injective homomorphism δ 2 :
and we write
We also have an injective homomorphism δ 3 :
(e 11.249)
. Thus
(e 11.251)
(e 11.252)
We compute that
(e 11.254)
(e 11.256)
(e 11.258)
Since µ| U 0 (B)/CU (B) and q 1 • µ| δ 2 (U (B)/CU (B)) are both isomorphisms, one checks that µ is an isomorphism. 
, they are strongly asymptotically unitarily equivalent.
Proof. It follows from 9.8 that there is an automorphism β 1 : B → B satisfying the following:
, (e 11.261)
(e 11.262) By 9.10, there is automorphism β 2 ∈ Aut(B) such that
, (e 11.263)
(e 11.265)
(e 11.267) Moreover, by 9.7,
(e 11.269) It follows from 9.8 that β • ϕ 2 and ϕ 1 are asymptotically unitarily equivalent. In the case that H 1 (K 0 (A), K 1 (B)) = K 1 (B), it follows from 10.5 that β • ϕ 2 and ϕ 1 are strongly asymptotically unitarily equivalent. One then obtains a unitary suspended isomorphism which lifts Γ along Z p,q (see [50] ). It follows from Theorem 7.1 of [50] that A ⊗ Z and B ⊗ Z are isomorphic.
Definition 11.8. Denote by A the class of those unital simple C * -algebras A in N for which T R(A ⊗ M p ) ≤ 1 for any supernatural number p of infinite type.
Of course A contains all unital simple amenable C * -algebras with tracial rank no more than one which satisfy the UCT. It contains the Jiang-Su algebra Z. It is also known to contain all unital simple C * -algebras which are locally type I with unique tracial state. Moreover, it contains all unital simple Z-stable ASH-algebras A such that T (A) = S [1] (K 0 (A)), where S [1] (K 0 (A)) is the state space of K 0 (A). In these three cases, the tensor products of these unital simple C * -algebras with any infinite dimensional UHF-algebras actually have tracial rank zero (see [50] and [35] ).
There are of course unital simple C * -algebras A for which A ⊗ M p has tracial rank one (not zero). For example, all unital simple AH-algebras have this property. The following corollary states that C * -algebras in A can be classified up to Z-stably isomorphism by their Elliott invariant. Proof. This follows from 11.7 immediately. 11.14. It is known that all unital simple ASH-algebras A whose projections separate the traces are in A (see [50] ). In fact, in this case, A ⊗ M p has tracial rank zero (see [50] ). Moreover, any unital simple C * -algebra with unique tracial state which is an inductive limit of type I C * -algebras is in A (see also [35] ). In a subsequent paper ( [40] ), we will show that all unital simple inductive limits of dimension drop algebras studied by Jiang and Su ( [16] ), as well as those unital simple inductive limits of dimension drop circle algebras studied in [42] are in A.
These give examples of unital simple C * -algebras A for which A ⊗ M p has tracial rank one but not zero. Other unital simple ASH-algebras whose K 0 -groups are not Riesz groups are also shown to be in A. The range of invariants of A will be discussed.
